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This paper presents a model of partisan media trying to persuade a sophisticated and heteroge-
neous audience. We base our analysis on a Bayesian persuasion framework where receivers have
heterogeneous preferences and beliefs. We identify an intensive-versus-extensive-margin trade-off
that drives the media’s choice of slant: Biasing the news garners more support from the audience
who follows the media but reduces the size of the audience. The media’s slant and target audience
are qualitatively different in polarized and unimodal (or non-polarized) societies. When the media’s
agenda becomes more popular, the media become more biased. When society becomes more po-
larized, the media become less biased. Thus, polarization may have an unexpected consequence: It
may compel partisan media to be less biased and more informative.
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1 Introduction

American media tend to be partisan in their coverage of politics, and partisanship has increased
in recent years.! Americans have started to take note: According to a Pew Research Survey in
2020, 79% of Americans believe “In presenting the news dealing with political and social issues...
news organizations tend to favor one side.”> The partisanship has led to lower trust in media:
The percentage of US adults who have at least some trust in the information from national news
organizations has decreased from 76% in 2016 to 58% in 2021.3

Nevertheless, some citizens find it worthwhile to pay attention to the news—even in a land-
scape with biased media and low trust. Citizens might benefit from paying attention to a media
source, as long as its slant is known and there is enough information in its coverage to potentially
alter citizens’ choices. Whether to follow media is thus a strategic choice that depends on a variety
of factors, among which are (i) the initial opinions of citizens, (ii) the citizens’ attitudes about the
discussed policies, and (iii) the adopted slant of media sources.

Citizens are not the only strategic actors. Media, albeit partisan, are also strategic in their
choice of slant. They consider the distribution of opinions and attitudes in society when deciding
on their slant.* By their choice of slant, media effectively choose their audience. What is the
partisan media’s adopted bias given the distribution of initial opinions and attitudes? Who pays
attention to media, given the bias?

In this paper, we model the slant decision of partisan media and study how it changes with
changes in society’s opinions and attitudes. The media face a sophisticated audience with diverse
preferences and beliefs. The individuals in the audience choose whether to pay attention to the
news given the media slant, and the media choose whom to target by choosing their editorial
policies.

Our main findings are threefold. First, the optimal choice of slant is qualitatively different in
polarized and unimodal (or non-polarized) societies. When society is unimodal in its opinions
and attitudes, partisan media tailor their messaging to individuals already in the media’s camp.
In contrast, partisan media attempt to convince skeptics when society is polarized. Second, when
partisan media’s agenda becomes more popular among the citizens, the media become more bi-
ased.

Third, when the opinions and attitudes become more polarized, partisan media’s bias de-
creases. This finding suggests that polarization may have a silver lining: It may force partisan
media to be more informative. If polarization is strong enough, the media may find it optimal

1See Groseclose and Milyo (2005), Larcinese, Puglisi and Snyder Jr (2011), Puglisi and Snyder Jr (2011), and Lott and Hassett (2014).

2https://www.pewresearch.org/pathways-2020/WATCHDOG_3/total_us_adults/us_adults

Shttps://www.pewresearch.org/fact-tank/2021/08/30/partisan-divides-in-media-trust-widen-driven-by-a-decline-amo
ng-republicans/

4There is an active literature focused on quantifying how exposure to partisan media shapes the opinions and attitudes of citizens
(Levendusky, 2013; Prior, 2013) or political behavior (DellaVigna and Kaplan, 2007; Martin and Yurukoglu, 2017). Our approach in this
paper is to take the opinions and attitudes as given and study how strategic media respond to the existing attitudes.
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to reach beyond their base of support and tailor their messaging to the opinions and attitudes
of their opponents. This result complements the central thesis of Oliveros and Vardy (2015) by
offering a supply-side rationale for ideological moderation under political polarization.

Atthe model’s heartis a trade-off faced by partisan media. The media want to persuade citizens
to take a certain action (such as supporting a policy or voting for a candidate). Therefore, naturally,
the media would like to spin the news in their desired direction (since such a spin increases the
support among the citizens who pay attention to the news). However, the audience is sophisti-
cated and realizes that the coverage has a spin. As a result, fewer people pay attention to parti-
san media because the bias makes the coverage less informative. The partisan media’s choice is
thusrepresented by an intensive-versus-extensive-margintrade-off. A positive spinleads to higher
support among those who pay attention to the news (i.e., gains along the intensive margin) but
fewer people paying attention to the news (i.e., losses along the extensive margin). The optimal
policy balances these two effects.

The media’s optimal policy is different in unimodal and polarized societies. A unimodal society
has many citizens with moderate opinions and attitudes. Moderates are swayed by even small
amounts of information, so they pay attention to the news even if it is significantly biased. As
a result, the extensive margin is relatively less sensitive to changes in the spin. In equilibrium,
the media place a positive spin on their coverage to the point where marginal gains along the
intensive margin equal marginal losses along the extensive margin. Due to the positive spin of the
news, negative news is less frequent and more informative. Consequently, even citizens initially
supportive of the media’s agenda pay attention to the news since the occasional news that goes
against their prior changes their actions.

There are few moderates in highly polarized societies. Instead, there are two blocs of citizens
with extreme opinions and attitudes: supporters who take the media’s preferred action unless
there is informative negative news and opponents who do not take the preferred action unless
the news is positive and highly informative. The media must convince the opponents to listen to
the news without alienating the supporters. The optimal strategy is to put a negative spin on the
news so that the occurrence of positive news is an event rare enough to convince the opponents.
Still, the negative news is abundant enough that they do not sway supporters’ opinions. Partisan
media thus end up reaching out to citizens with opposing views.

The trade-off between the two margins is also behind our comparative statics results. When
media’s platform becomes more popular, there are more supporters in society, and the audience
of partisan media increases. As a result, improving the intensity of persuasion becomes more cru-
cial, and the media place a more positive spin on their coverage. On the other hand, an increase
in polarization in a unimodal society turns some moderates into radicals, who are not inclined to

listen to the news unless if it is highly informative. Consequently, it becomes more important for



the media to improve the extent of its reach by making the news informative enough for radicals.

The outcome is a less positive spin and more informative media.

Related Literature. Our model is a Bayesian persuasion model a la Kamenica and Gentzkow
(2011) with a heterogeneous audience. We incorporate both heterogeneous preferences (Wang,
2015; Alonso and Camara, 2016a; Kolotilin, Mylovanov, Zapechelnyuk and Li, 2017; Bardhi and
Guo, 2018; Chan, Gupta, Li and Wang, 2019; Arieli and Babichenko, 2019; Kerman, Herings and
Karos, 2021; Sun, Schram and Sloof, 2022) and heterogeneous priors (Alonso and Camara, 2016b;
Laclau and Renou, 2017; Kosterina, 2021).> We present our theoretical results by introducing a
new object, the virtual density, which summarizes the two dimensions of heterogeneity in a one-
dimensional object. Our comparative statics results are based on identifying changes that lead to
tractable changes in the virtual density. This approach is similar in spirit to the one in Kolotilin
(2015) and Kolotilin, Mylovanov and Zapechelnyuk (2021). But unlike Kolotilin (2015), whose
main focus is changes in welfare, we analyze how the optimal policy changes with parameters
of the model. Our measure of popularity is complementary to that in Kolotilin, Mylovanov and
Zapechelnyuk (2021), and our measure of polarization is a novel one. Sun, Schram and Sloof
(2022) derive comparative statics results with respect to the sender’s preferences and the voting
rule in a voting environment with heterogeneous preferences. Our comparative statics result
complement theirs by focusing on changes with respect to the audience’s characteristics.

Our findings contribute to the theory of media bias (see Gentzkow, Shapiro and Stone (2015)
for a survey). Unlike Mullainathan and Shleifer (2005) and Bernhardt, Krasa and Polborn (2008),
in our model, citizens choose media sources purely on informational grounds. Gentzkow and
Shapiro (2006), Burke (2008) and Chan and Suen (2008) propose models where slant can arise
when the media are not inherently biased towards an outcome. As in Baron (2006) and Duggan
and Martinelli (2011), we study an environment where the media are inherently biased, with their
main objective the persuasion of citizens. Our focus is on how the intensity and direction of media
bias respond to changes in the audience’s characteristics.

A large recent literature has focused on quantifying the extent of polarization (DiMaggio,
Evans and Bryson, 1996; Glaeser and Ward, 2006; Ansolabehere, Rodden and Snyder Jr, 2006;
McCarty, Poole and Rosenthal, 2006; Fiorina and Abrams, 2008; Abramowitz and Saunders, 2008;
Gentzkow, 2016). The causes and consequences of polarization have also gathered attention in
the popular press (Sunstein, 2009; Klein, 2020). But relatively little attention has been paid to
the question of how media respond to polarization. Another active research area studies how
the changing media landscape—partisan or not—affects the patterns of polarization in society

5Also related is the literature on information design, which studies the optimal information structure in a game to be played among
multiple players (Bergemann and Morris, 2019; Taneva, 2019; Mathevet, Perego and Taneva, 2020; Inostroza and Pavan, 2022).



(Campante and Hojman, 2013; Flaxman et al., 2016; Bail et al., 2018). Our focus here is the
opposite: understanding how the media landscape is affected by polarization.

A possible interpretation of our model is as one in which the media truthfully report the news,
but politicians suppress or overturn them. Our findings can then be interpreted as follows: (i)
as the politician becomes more popular, she chooses to suppress more news, (ii) as society be-
comes more polarized, the politician allows for more informative media, and (iii) in a highly po-
larized society, the politician allows negative news to be published, in order to convince her op-
ponents without alienating her supporters. Through this lens, our model contributes to the liter-
ature on media capture (Besley and Prat, 2006; Corneo, 2006; Petrova, 2008; Prat, 2015), informa-
tion manipulation by autocratic regimes (Edmond, 2013; Shadmehr and Bernhardt, 2015; Guriev
and Treisman, 2020), and media freedom (Egorov, Guriev and Sonin, 2009; Gehlbach and Sonin,
2014; Boleslavsky, Shadmehr and Sonin, 2021).

The crucial assumption in the Bayesian persuasion literature is commitment by the sender. In
our model, partisan media can commit to a strategy, which is observable by all receivers. This
assumption can be defended on several grounds. First of all, in our setup, persuasion satisfies the
credibability assumption of Lin and Liu (2021).5 Second, the media’s chosen strategy can viewed
as an “editorial policy,” which describes the general attitude of a media source, with the details
of the coverage to be decided by reporters and editors (Gehlbach and Sonin, 2014). Finally, the
outcome under commitment can be seen as abenchmark, which describes the best-case scenario
for the sender. Under this interpretation, our results characterize an “ideal media landscape” for
a politician in a heterogeneous society. Our results show that, in a highly polarized society, the
politician may indeed benefit from media that frequently publish negative news about the politi-
cian. Intuitively, this is the only way the politician can garner the opponents’ support. The rare,
but convincing, occurrence of positive news about politician is the most effective way for politi-

cians to convince skeptical citizens (Chiang and Knight, 2011).

2 Setup
2.1 The Model

There are two types of agents: a sender (female) and a unit measure of receivers (males), indexed
by r € [0,1]. The sender wants to persuade the receivers to support a policy she is proposing.
Before persuading the receivers, the sender learns whether the policy is good for the receivers. But
the receivers do notlearn this information until after they have decided on whether to support the
policy.

6In particular, we can allow for undetectable deviations by the sender. Since the sender’s payoff in our model is additively separable,
there is no profitable deviation that gives the same message distribution as the optimal policy. It should be noted that with heterogeneous
priors, the set of undetectable deviations is different for each agent. In such a case, one has to define the undetectable deviations from the
perspective of the sender.



There is an underlying state of the world: 6 € {0, 1}. We call the 6 = 1 state the “good” state.
When the state is good, the sender’s proposed policy is beneficial to the receivers. The 6 = 0 state
is the “bad” state where the policy is not beneficial to the receivers. Each receiver has to decide on
the extent to which to support the policy. We denote by a, € [0, 1] receiver r’s degree of support
for the policy. Receiver r’s payoff when he chooses action a, and the state is 0 is given by

ur(ar, 0) = a, (6 - cr), 1)

where ¢, € [0, 1] is receiver r’s cost of supporting the policy. If receiver r knew the state, he would
give the policy his full support (i.e., a, = 1) in the good state and no support (i.e., a, = 0) in the bad
state.

The sender wants to maximize the support from the receivers. Her payoff when receiver r pro-

vides support a, and the state is 6 is given by

1
us({ar}r)z/0 aydr. 2)

When the state is good, the sender and receivers have common interests, whereas when the state
isbad, their interests are opposed. We denote the sender’s prior that the state is good by ps € (0, 1).

Since the receivers do not observe the state, they can only act based on their beliefs. The sender
can influence those beliefs (and the resulting actions) by sending informative messages. To sim-
plify the analysis, we assume that the sender can commit to a public communication strategy
o : {0,1} — A(M), where o(0)[m] is the probability that public message m € M is generated
when the state is . The communication strategy represents the editorial policies of a collection
of partisan media controlled by the sender and used by her to influence the views of the receiver
population.

The receivers are heterogeneous both in their preferences and their prior beliefs. The hetero-
geneity of priors captures the idea that even people with identical payoffs may have different per-
spectives about the likelihood that a given policy will succeed. We let p, denote receiver r’s prior
that the state is good and, let f(c, p) denote the joint density of costs and priors in the popula-
tion of receivers. We take f as a primitive of the model and study how changing the distribution
affects the sender’s optimal policy. We assume that f is common knowledge and continuously
differentiable and bounded over its support.

We can partition the set of receivers into ex-ante supporters and ex-ante opponents of the pro-
posed policy. Any receiver r with p, > ¢, is an ex-ante supporter, who would support the proposed
policy without additional information. Ex-ante supporters are in the bottom right half of Figure
1. Conversely, the receivers in the top left half of Figure 1 are ex-ante opponents, who have high
costs and unfavorable priors and would not support the policy without additional information.

The heterogeneity of perspectives poses a challenge for a sender who wants to garner broad

support for her proposed policy. Convincing different receivers with different preferences and
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Figure 1. The ex-ante supporters and opponents of the policy.

beliefs requires different communication strategies. Yet, communication is public, so the sender
cannot tailor her messaging strategy to the diverse perspectives of receivers. The main character-
ization result of the paper concerns the optimal way of resolving the inherent tension in convinc-

ing different segments of the population.

Timing. The timing of the communication game is as follows:

1. The prior and cost of each receiver is drawn, and each receiver r observes (p;, c;).
2. The sender commits to a strategy o, which is observed by each receiver.

3. The state is realized, and the sender sends the message drawn according to o.

4. Each receiver r updates his prior and chooses an action a;.

5. Payoffs are realized.

The solution concept we adopt is the Perfect Bayesian Equilibrium.

2.2 An Equivalent Representative-Receiver Problem

The fact that the sender is communicating with a population of heterogeneous receivers com-
plicates her problem. However, the sender’s optimal strategy can be found by solving a related
persuasion problem with a representative receiver whose prior coincides with the sender’s prior.
The key simplification comes from Proposition 1 of Alonso and Camara (2016b). Consider re-
ceivers r and r’ with priors p, and p,» = ps. Since the two receivers observe the same (public)

message, their posteriors are related through the following expression:

Pr
Hr Pr’

3)

Iir = )
pr N o 2
IJ'T Pr + (1 IJ’T )1_pr’
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where p, and p,- denote the posteriors of r and r’, respectively.” This coupling of posteriors holds
regardless of the communication strategy employed by the sender. It uniquely pins down the pos-
terior u, of every receiver r as a function of the posterior of receiver r’—who will be our represen-
tative receiver.

Receiver r takes action a, = 1 if and only if his posterior that the state is good is at least as large
as his cost of action; that is, if and only if

pr
s,

¢r < (s, pr) = T (4)

.US%Z +(1- :“S)l—ps

where u; denotes the posterior of the representative receiver (who has the same prior as the

sender). The payoff to the sender is given by the share of receivers who take the good action:

1 c(us,p)
v(ps) = /0 /0 f(pc)dedp. (5)

The sender’s problem is thus equivalent to a standard Bayesian persuasion problem with a rep-
resentative receiver. The sender and the receiver share the common prior p; that the state is good.
The payoff to the sender when she induces a posterior of u; for the representative receiver is given
by v(us), defined in equation (5). Following Kamenica and Gentzkow (2011), we refer to v(u;) as
the sender’s value function. Whenever there is no risk of confusion, we drop the s subscript and
simply write v(u) for the value to the sender of inducing posterior u for the representative receiver.

Figure 2 shows a useful graphical representation of the value function. The value to the sender
from inducing posterior p is given by the measure of receivers r who take the a, = 1 action (the
area shaded in red in the figure). This measure depends on the distribution of costs and priors
in the population as well as the induced posterior u. As u increases, more and more receivers
support the proposed policy, expanding the shaded area in the figure and increasing the sender’s
payoff.

The value function has several useful properties. First, v(u) isincreasingin p. Inducing a higher
posterior for the representative receiver results in a higher posterior for every receiver, thus in-
creasing the share of receivers who take the a = 1 action. Second, v(0) = 0 and v(1) = 1. When the
representative receiver is certain that the state is bad, so is every other receiver. Therefore, every
receiver takes the a = 0 action. Likewise, when the representative receiver is certain that the state
is good, every other receiver is also certain that the state is good and takes the a = 1 action. Finally,
v(p) is differentiable in u due to the differentiability of f.

The value function can thus be seen as a differentiable cumulative distribution function. We let
h(u) = v’(u) denote the corresponding density and refer to it as the virtual density of the persua-
sion problem with heterogeneous receivers. The virtual density has an intuitive interpretation:
h(p) is the density of receivers who are indifferent between taking the two actions whenever the
representative receiver’s posterior is equal to u.

“Throughout the paper, we use posterior to mean subjective posterior probability of state 8 = 1 given an agent’s information.
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Figure 2. The value function: p < p; in the left panel and u > p; in the right panel.

2.3 Single-Peaked Distributions

The solution to the sender’s optimal persuasion problem takes a particularly simple form when

the distribution of receiver types satisfies the following condition:

Definition 1 (single-peaked density). The virtual density () is single-peaked if there exists some
i €[0,1] suchthat h’(u) > 0forall u < gand h’(u) < Oforall u > f.

Single-peakedness is an assumption on the joint distribution of receivers’ costs and prior be-
liefs. It requires a large share of receivers to have moderate preferences and beliefs, with fewer
and fewer people having extreme preferences or beliefs. We thus consider single-peaked virtual
densities to be representative of unimodal societies.

The significance of Definition 1 rests on the following observation: When the virtual density
is single-peaked, the sender’s value function is first convex and then concave. Figure 3 illustrates
the value function in this case. Corollary 2 of Kamenica and Gentzkow (2011) implies that, under

1 v(p)

i 1 K

Figure 3. The value function under the assumption that the virtual density is single-peaked.



the sender’s optimal strategy, the representative receiver’s posterior only takes two values. In par-
ticular, we have the following characterization of the optimal strategy when the virtual density is

single-peaked:
Theorem 1. Ifthe virtual density is single-peaked, the optimal strategy uses only two messages.

We maintain the assumption of single-peakedness in the next two sections. We do so in part for
tractability. However, single-peaked distributions also constitute a natural and widely used class
of distribution functions. In Section 5, we show that optimal strategy in the case where the virtual
density is instead single-dipped is the mirror image of the optimal strategy in the single-peaked
case.

Whether the virtual density is single-peaked only depends on the distribution of types, f, and
the sender’s prior, p;. In the remainder of this subsection, we find a set of easy-to-check sufficient
conditions for the virtual density to the single-peaked. If receivers have a common prior which
coincides with the sender’s prior, then the single-peakedness of the virtual density is equivalent

to the single-peakedness of the density of costs:

Proposition 1. Suppose p, = ps for allr. The virtual density h(p) is single-peaked in p if and only
if the density of costs f (c) is single-peaked in c.

If receivers have a common cost, on the other hand, then the single-peakedness of the virtual
density is implied by a condition that is weaker than the log-concavity of the density of priors:

Proposition 2. Supposec, = ¢ € (0,1) for all r. The virtual density h(u) is single-peaked if the

density of priors f (p) is strictly positive for all p € (0, 1) and satisfies

2

d 2 . 1
d—pzlogf(p) <2(y-1 mm{l, F} forallp € (0,1), (6)

e 1-p.
wherey = 126 =2 > 0.
N

The following corollary of Proposition 2 is a straightforward consequence of the facts that the
left-hand side of equation (6) is negative if f(p) is log-concave, while its right-hand side is always

non-negative:®

Corollary 1. Supposec, = c forallr. The virtual density h(u) is single-peaked in p if the density of
priors f (p) is strictly log-concave in p.

3 Optimal Policy

3.1 Never-supporters, Always-supporters, and Compliers

In light of Theorem 1, we can assume without loss that the sender uses only two messages. We la-

bel the messages m € M = {0, 1}, with m = 1 the “good” message, which is suggestive of 6 = 1, and

8See Bagnoli and Bergstrom (2005) for a list of well-known distributions satisfying log-concavity.



m = 0 the “bad” message, which is suggestive of 6 = 0. The sender’s strategy can be represented

by a pair of numbers:
o=(d%0c')e0,1]?

where 0 = o(0)[m = 1] is the probability of sending the good message in state 8 € {0,1}.
Throughout, we assume without loss of generality that o' > o°.

The media’s optimal strategy thus partitions the set of receivers into three groups:
1. The never-supporters, who choose a = 0 regardless of the message m.
2. The compliers, who choose a = m.

3. The always-supporters, who choose a = 1 regardless of the message m.

The never-supporters set a = 0 even if they receive the good message: They are not convinced
by the media because their initial beliefs are too pessimistic relative to their costs. The always-
supporters set a = 1 even if they receive the bad message because of their optimistic priors and
low costs. The compliers are the the most interesting group. They pay attention to the news and
adjust their actions in response to what they learn.

Our next result characterizes the set of never-supporters, compliers, and always-supporters as
a function of the strategy followed by the sender:

Proposition 3. Given (d°, o'), wherea' > o°, let:
0

_ co
ple) = co¥+(1-c)al’ @
— c(1-0%

PO = o+ (1= =ol)’ ®)

Receiver r is a never-supporter if p, < p(c:), a complier if p, € [p(cr),p(cr)), and an always-
supporter if p, > p(c;). - -

Figure 4 illustrates the partition of receivers. When the media are fully uninformative (i.e., o! =
d9%), then p(c) = p(c) = cforall ¢ € [0,1], and no receiver is a complier. The sets of always-
supporterg and never-supporters then coincide with the sets of ex-ante supporters and ex-ante
opponents, respectively. The lightly shaded region of Figure 4 then disappears, and the figure
reduces to Figure 1. As the media become more informative, the set of compliers grows at the
expense of the always-supporters and never-supporters. When the media are fully informative
(.e., ol = 1and ¢° = 0), every receiver is a complier, and the lightly shaded area comprises the

entirety of the unit square.

3.2 Intensive and Extensive Margins

By choosing its strategy, the sender effectively chooses who is a complier and how frequently the

compliers see the good message. The sender wants to turn as large a share of the receivers as

10
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Figure 4. The set of never-supporters, compliers, and always-supporters given policy (¢, o!).

possible into compliers (and always-supporters) and send the good message as often as possible.
However, she faces a trade-off between these two objectives.
One can view the sender’s trade-off as one involving improvements along intensive and exten-

sive margins. The sender’s expected payoff from following strategy (c°, o!) is given by

(‘/Olfﬁ(C)f(p,c)dpdC) (psalJr(l_ps)GO) N /01/_1 f(p,c)dpdc , (9)

p(c) p(c)

likelihood of the good message
measure of compliers measure of always-supporters

where p and p are given by (7) and (8), respectively. The sender wants to increase the likelihood
of the g_ood message. Doing so increases the probability that the compliers support the proposed
policy, thus allowing the sender to gain support along the intensive margin. But increasing the
likelihood of the good message makes the media less informative. The decrease in the infor-
mativeness of the media turns some compliers into never-supporters and always-supporters.
If many more compliers become never-supporters than always-supporters, the sender loses

support along the extensive margin. Figure 5 illustrates this trade-off.

3.3 Who Follows the Media?

We now turn to the question of how the sender optimally resolves her trade-off.
Proposition 4. Ifthe virtual density is single-peaked, under the optimal strategy:
1. The bad message fully reveals the bad state.
2. The ex-ante supporters are all compliers.

The argument for the Proposition can be best understood by studying Figure 3. When the vir-

tual density is single-peaked, optimal persuasion involves moving the representative receiver’s

11
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Figure 5. The trade-off between gaining support along the intensive and extensive margins for the o! = 1 case.
Choosing a higher ¢° leads to a higher likelihood of the good message (gain along the intensive margin) but
fewer compliers (loss along the extensive margin).

posterior to one of two points: g = 0 and g = 4.7 Inducing the u = 0 posterior requires the bad
message to fully reveal the bad state. But then even the most ardent ex-ante supporters find it
worthwhile to follow the media on the off chance that the state is revealed to be bad. Therefore,
every ex-ante supporter is a complier, and there are no always-supporters. Figure 6 illustrates the
partition of receivers under the optimal persuasion strategy.

Cc

never-
supporters

compliers

1 p

Figure 6. The set of never-supporter and compliers when the virtual density is single-peaked.

The intuition behind the result is as follows. Moderate receivers with middling costs and priors
are the ones most inclined to follow the media since their behavior is sensitive even to messages

with little information about the state. When the virtual density is single-peaked, there are many

9When the sender’s prior is high enough that p; > i in Figure 3, the optimal strategy reveals no information, and any strategy that satisfies
o0 = 0! is optimal. In such a case, we choose the strategy ¢° = ¢! = 1 and assume that a receiver’s posterior following the (zero probability)
bad message is given by p = 0.

12



more moderates than are receivers with extreme preferences or beliefs. Therefore, the sender has
much more to gain by increasing the likelihood of the good message and the probability of support
from the moderates than it has to lose from turning ex-ante opponents off. Figure 5 depicts the
trade-off faced by the sender in this case. Under the optimal policy, the marginal gain from having
more compliers—the measure of receivers in the grey sliver—equals the expected loss of support
from compliers—the likelihood that receivers in the red region support the policy.

4 Media Bias in Unimodal Societies

The media are biased if they send the good message when the state is bad or send the bad message
when the state is good. Recall that, when the virtual density is single-peaked, optimal persuasion
entails sending the good message when the state is good. Therefore, media bias is conveniently
summarized in the single-peaked case by the probability o° of sending the good message when
the state is bad. We use the following notion of media bias in this case:

Definition 2. Consider single-peaked virtual densities /; and h, with the corresponding optimal
strategies o1 = (o7, 0{) and o0z = (09, 0,) for the sender. The media are more biased given h; than

given hy if o) > o).

In this section, we characterize how changes in the primitives of the model affect the extent of

media bias.

4.1 Changes in Popularity

We first study how shifts in the distribution of costs and priors affect the sender’s optimal strategy

and the resulting media bias. We use the following partial orders on the set of distributions:

Definition 3. Consider probability density functions f; and f, with the corresponding cumulative
distribution functions F; and F». We say fj is larger than f, in the hazard rate order if
GO N G
1-Fi(x)  1-F(x)
Definition 4. Consider probability density functions f; and f, with the corresponding cumulative

for all x. (10)

distribution functions F; and F». We say fj is larger than f, in the reversed hazard rate order if

A AW
R(x) ~ B

Hazard rate and reversed hazard rate orders are related to two well-known partial orders on

for all x. (11)

distributions: They are more complete than the monotone-likelihood ratio property (MLRP) but
less complete than first-order stochastic dominance (FOSD).!? If f; is larger than f, in the hazard
rate or reversed hazard rate orders, then it also first-order stochastically dominates f.

Our next result establishes that an increase in the support for the policy increases media bias:

10gee, for instance, Shaked and Shanthikumar (2007, Section 1.B).
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Theorem 2. Let hy and hy be two single-peaked virtual densities. If hy is smaller than h, in the

reversed hazard rate order, the media are more biased given h, than h;.

The result states that media are more biased when the policy has a larger ex-ante support. A
smaller virtual density indicates a more popular policy. With a more popular policy, a larger frac-
tion of receivers support the policy absent any persuasion by the sender. Therefore, the optimal
strategy involves less information transmission and more reliance on the receivers’ priors, and
the media are thus less informative and more biased under the sender’s optimal strategy.

Why is the reversed hazard rate order the right notion? The answer is best seen by examining
the trade-off the sender faces between improving along the intensive and extensive margins. Sup-
pose the sender reduces the probability of the good message when the state is bad by do®. The
result is a reduction in the posterior of the representative receiver following the observation of
the good signal by some du (which is related to do®). The change makes the media more infor-
mative and increases the measure of compliers by i (u)du, an improvement along the extensive
margin. But this gain comes at the expense of reducing the probability that the inframarginal
compliers support the policy by H(u)do?, aloss along the intensive margin. Therefore, h(u)/H ()
is a measure of the net benefit from making the media more informative. When h; (p)/Hy (1) <
ho(u)/H2(u), the sender gains relatively more by making the media more informative when the
virtual density is i, than when it is #;. Consequently, the media are more biased when the virtual
density is h;.

We next study two special cases of Theorem 2, where receivers have common costs or priors.
With a common prior, the reversed hazard rate order on virtual densities reduces to the reversed

hazard rate order on the distributions of costs:

Corollary 2. Suppose p, = p;s for allr, and consider two single-peaked densities fi(c) and f>(c) for
the receivers’ cost of support. If fi is smaller than f, in the reversed hazard rate order, the media are
more biased given fi than f>.

Intuitively, the condition identified in Corollary 2 means that the costs are lower under f; than
they are under f,. This translates into a more popular policy. But when the proposed policy is
more popular, the gains to the sender from persuasion are lower. Therefore, the media are less
informative and more biased when receivers have lower costs of support.

If the receivers have common costs, on the other hand, a larger distribution of priors in the
hazard rate order leads to a smaller virtual density in the reversed hazard rate order. The intuition
for why we need the densities of priors to be ordered in the hazard rate order—and not the reversed
hazard rate order as in Corollary 2—is as follows: Higher priors act like lower costs, making the
policy more popular and lowering the gains from persuasion and the resulting media bias. The
following corollary to Theorem 2 formalizes this intuition:
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Corollary 3. Suppose c, = c for allr, and consider two distributions of priors fi(p) and f>(p) that
are both strictly positive for allp € (0, 1) and satisfy condition (6). If fi is larger than f> in the hazard

rate order, the media are more biased given fi than f>.

4.2 Polarization

We next examine how increased polarization changes media bias. We measure the extent of po-
larization using a novel partial order on probability distributions:

Definition 5. Consider single-peaked densities f; and f, supported on a common compact set
and satisfying

(ix)?
K

folx) = forall x, (12)

some « > 0, and a normalization constant x > 0. If 0 < a < 1, then f, is more polarized than f;. If

a > 1, then f, is less polarized than f;.

less polarized

[ | .
B more polarized

OjO 012 0j4 Of6 0j8 1TO
Figure 7. The polarization order on single-peaked densities.

The partial order has an intuitive interpretation. Consider densities f; and f, satisfying (12)
for some a > 1. Going from f; to f, moves mass from parts of the distribution that initially have
smaller mass to parts with larger initial mass. In other words, f> looks like fi, but with higher peaks
and deeper troughs. On the other hand, since f; is single-peaked, most of its mass is concentrated
around its peak. Therefore, f, has even more mass in the center and even less mass in the periph-
ery than fi; thatis, f; is less polarized than f;. Figure 7 illustrates the probability density functions
for a set of single-peaked Beta distributions that are ranked in the polarization order.

It is instructive to consider the extremes of equation (12). In the a — oo limit, f, becomes a

pointmass at the mode of f;. Therefore, for any distribution f; with aunique mode, the degenerate
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distribution f>; with a point mass on the mode of f; is less polarized than f;. Conversely, in the « —
0 limit, f> becomes the uniform distribution on the support of f;. Thus, the uniform distribution
is more polarized than any single-peaked distribution with the same support.

Members of many parametric families of distributions can be ordered in the polarization order.
Two examples follow:

Example 1. Consider two single-peaked Beta distributions:

f1 = Beta(al,ﬁl),
f2 = Beta(az, f2),

az=1l _ -1
where o T = pi1

f>isless polarized than f;. In particular, any two symmetric and single-peaked Beta distributions

= aforsomea > 0. Ifa < 1, then f; is more polarized than f;, whileifa > 1, then

are ranked according to the polarization partial order.

Example 2. Consider the following truncated normal distributions on [0, 1]:

fi = TruncatedNormal(y, o?),

f> = TruncatedNormal (g, 022).
If 022 > 012, then f> is more polarized than f;, while if 022 < 012, then f is less polarized than f;.
Our next result establishes that polarization decreases media bias:

Theorem 3. Let hy and hy be two single-peaked virtual densities. If hy is more polarized than h;,
then media are less biased given h than h;.

Theorem 3 suggests a striking consequence of polarization: It tends to reduce the partisan me-
dia’s bias. Intuitively, an increase in polarization turns some ex-ante moderates into ex-ante ex-
tremists. Under the optimal policy, then, there are fewer compliers and more never-supporters.
As aresult, the intensive margin becomes less important. The change in the trade-off incentivizes
partisan media to reduce its bias and increase its outreach. Indeed, one may expect the segrega-
tion in news consumption to decrease as polarization increases, even with the existence of parti-
san media.

This result suggests a potential explanation for (Gentzkow and Shapiro, 2011, p.1819)’s finding
that “There is no evidence that ideological segregation on the Internet has increased. If anything,
segregation has declined as the Internet news audience has grown.” It is also consistent with Flax-
man, Goel and Rao (2016)’s finding that social networks and search engines are “associated with
an increase in an individual’s exposure to material from his or her less preferred side of the polit-
ical spectrum.”

Theorem 3 describes the consequences of polarization for media bias while maintaining the

assumption that the society is unimodal, and so, the virtual density is single-peaked. In the next
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section, we study persuasion in highly polarized societies in which there are more people in the

extremes of preference and belief distribution than are at its center.

5 Highly Polarized Societies

Throughout this section, we study the properties of the optimal persuasion strategy when the
virtual density is the polar opposite of single-peaked:

Definition 6 (single-dipped density). The virtual density k() is single-dipped if there exists some
i €[0,1] suchthath’(u) <Oforall u < gand h’(u) > Oforall u > f.

In a society with a single-dipped virtual density, there are fewer moderates than those with
extreme preferences or beliefs. We therefore consider single-dipped virtual densities to be repre-
sentative of highly polarized societies (DiMaggio, Evans and Bryson, 1996; Fiorina and Abrams,
2008).

When the virtual density is single-dipped, the sender’s value function is first concave and then
convex. Our next result shows that, as a result, the optimal persuasion strategy is qualitatively

different in a highly polarized society compared to a unimodal one:

Proposition 5. If the virtual density is single-dipped, the optimal strategy uses only two messages.

Under the optimal strategy:
1. The good message perfectly reveals the good state.

2. The ex-ante opponents are all compliers.

1 V(H)

o

i 1 K

Figure 8. The value function under the assumption that the virtual density is single-dipped.

The argument for the proposition is easiest to see by examining the sender’s value function.
Figure 8 illustrates the value function in this case. When the distribution is single-dipped, the op-

timal policy induces only two values for the posterior of the representative receiver, one of which is
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p = 1.1 For the good message to induce the u = 1 posterior, it must perfectly reveal the good state.
But since the good message is fully revealing, even the most vehement ex-ante opponents find the
good message informative enough to sway their decision. Therefore, all ex-ante opponents are
compliers, and there are no never-supporters. Figure 9 illustrates the partition of receivers under
the optimal policy.

compliers

always-
supporters

1 p

Figure 9. Receivers under the optimal policy when the virtual density is single-dipped.

We next introduce a set of sufficient conditions for the virtual density to be single-dipped. If
receivers have a common prior which coincides with the sender’s prior, the single-dippedness of
the virtual density is equivalent to the single-dippedness of the density of costs:

Proposition 6. Suppose p, = p;s for allr. The virtual density h(p) is single-dipped in p if and only
if the density of costs f (c) is single-dipped in c.

If receivers have a common cost, the single-dippedness of the virtual density is implied by a

condition that is slightly stronger than the log-convexity of the density of priors:

Proposition 7. Supposec, = c for allr. The virtual density h(u) is single-dipped if

2

d ) 1
a—pzlogf(p) >2(y-1) max{l, F} forallp € [0,1], (13)

1o
wherey = 126 =2 > 0.
N

Note that the right-hand side of equation (13) is positive, and the left-hand side is positive if
f(p) is log-convex. Therefore, condition (13) can be interpreted as “f(p) being sufficiently log-
convex.” If ps+c¢ = 1, then y = 1, and condition (13) reduces to the log-convexity of the distribution

of priors.

HU'When the sender’s prior is low enough that p; < i in Figure 8, the optimal policy reveals no information, and any policy that satisfies
0% = ¢! is optimal. In that case, we choose the policy according to which ¢® = ¢! = 0 and set the receivers’ posterior following the (zero
probability) good message to u = 1.
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When the virtual density is single-dipped, the media’s optimal strategy entails sending the bad
message when the state is bad. Then, media bias is summarized by the probability o' of sending

the good message when the state is good:

Definition 7. Consider single-dipped virtual densities i, and h, with the corresponding optimal
strategies o1 = (o7, 01) and 0, = (07, 0,) for the sender. The media are more biased given h, than

given h if o} < o).

In the remainder of this section, we characterize how changes in the primitives of the model
affect the extent of media bias in the single-dipped case.

5.1 Changes in Popularity

We begin by studying how shifts in the distribution of costs and priors affect the sender’s optimal
strategy and the resulting media bias. Our results are expressed in terms of the partial orders in-
troduced in Section 4.1. Not surprisingly, as in the single-peaked case, an increase in the support
for the policy increases media bias:

Theorem 4. Let hy and h, be two single-dipped virtual densities. If hy is smaller than hy in the

hazard rate order, the media are more biased given h, than h.

When the virtual densityis single-dipped, the right notion of popularity is the hazard rate order.
Intuitively, because the ex-ante opponents are all compliers, the measure of inframarginal com-
pliersis 1 — H(u). Consequently, h(u)/(1 — H(u)) informs the intensive-versus-extensive-margin
trade-off.

With acommon prior, the hazard rate order on virtual densities reduces to the hazard rate order

on the distributions of costs:

Corollary 4. Suppose p, = ps for allr, and consider two single-dipped densities fi(c) and f>(c) for
the receivers’ cost of support. If fi is smaller than f, in the hazard rate order, the media are more
biased given f, than f>.

If the receivers have common costs, a larger distribution of priors in the reversed hazard rate
order leads to a smaller virtual density in the hazard rate order, and so, we have the following

corollary to Theorem 4:

Corollary 5. Suppose c, = c for all r, and consider two distributions of priors fi(p) and f>(p) that
are both strictly positive for allp € (0, 1) and satisfy condition (13). If fi is larger than f, in the
reversed hazard rate order, the media are more biased given fi than f>.
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5.2 Polarization

We next examine the impact of increased polarization on media bias. The following partial order
is the appropriate adaptation of the partial order defined in Section 4.2 for single-peaked densities
to the set of single-dipped virtual densities:

Definition 8. Consider single-dipped densities f; and f, supported on a common compact set
and satisfying

fo(x) = for all x, (14)

some a > 0, and a normalization constant x > 0. If @ > 1, then f, is more polarized than f;. If

(fi(x)*
K

0 < a < 1, then f is less polarized than f;.

Figure 10 illustrates the polarization partial order on a set of a single-dipped Beta distributions.
As the distribution becomes more polarized, mass is moved from the center of the distribution to

its extremes.

less polarized

[ | .
B more polarized

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 10. The polarization order on single-dipped densities.

It is, once again, instructive to consider the limits of equation (14). In the a — oo limit, f>
becomes two point masses at the bounds of the support. Our measure identifies such distribu-
tions as extremely polarized. Conversely, in the ¢ — 0limit, f, becomes the uniform distribution.
Thus, the uniform distribution is less polarized than any single-dipped distribution with the same
support.

Our nextresult establishes that, as in the single-peaked case, polarization decreases media bias
in the single-dipped case:

Theorem 5. Let hy and hy be two single-dipped virtual densities. If hy is more polarized than h;,
then media are less biased given hy than h;.

Theorem 5 shows that the main message of Theorem 3 continues to apply for single-dipped

virtual densities: Polarization tends to reduce the partisan media’s bias. Intuitively, an increase
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in polarization turns some ex-ante moderates into ex-ante extremists. Under the optimal policy,
then, there are fewer compliers and more always-supporters. As a result, partisan media find it

beneficial to reduce their bias and increase their outreach.

5.3 Polarization and Media Bias

Theorems 3 and 5 paint a consistent picture across the board: Polarization reduces media bias.
This observation can be succinctly summarized in a single figure by extending the polarization

partial order.

1 -
bias
—
0.5
0.25
lff I bias
0 - & Wl IS
) single-dipped A single-peaked f
<

more polarized

Figure 11. Partisan media’s bias as a function of polarization in society.

Take a single-peaked virtual density h; supported on [0, 1], and consider the parametric family
of distributions {h,}, parameterized by the scalar a € R:

(h1(x))*

ha(x) = x(a)

for all x,

where x(a) is a normalization constant. For positive values of a, h, is a single-peaked distribu-
tion. It becomes more polarized as a decreases to zero. As a — 0, h, converges to the uniform
distribution, which is more polarized than any single-peaked distribution. For negative values of
a, hy isasingle-dipped density, which is more polarized than the uniform distribution. It becomes
more polarized as a« becomes more negative. The upshot is that a lower value of a—Dbe it positive
or negative—corresponds to a more polarized society.

Figure 11 illustrates the effect of polarization on media bias. The virtual density is a (symmet-
ric) Beta(1 + a, 1 + a) distribution, and the sender’s prior is given by p; = 0.4. The figure plots how
the media’s optimal strategy changes as a ranges from —1 to +1. In the right half of the figure, a > 0,
the distribution is single-peaked, and so, by Proposition 4, the optimal policy has the form (o?,
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a;) = (ag, 1). As polarization increases, by Theorem 3, 02 decreases and the media become less
biased. On the left half of the figure, a < 0, the distribution is single-dipped, the optimal policy
has the form (62, o)) = (0, ) (by Proposition 5), and ¢/ increases and media bias decreases with
polarization (by Theorem 5).

Transitioning from a single-peaked to a single-dipped virtual density changes the nature of
partisan media’s optimal policy. This makes it hard to compare the extent of bias in the single-
peaked and single-dipped cases. We continue using our simple measure of bias while acknowl-
edging that any such measure will be imperfect. The change in the nature of optimal policy as we
transition from a single-peaked to a single-dipped density manifests itself in a possibly discon-

tinuous change in our measure of media bias, as can be seen in Figure 11.

6 Conclusion

Mass polarization has increased in recent decades (Abramowitz and Saunders, 2008; Gentzkow,
2016; Alesina, Miano and Stantcheva, 2020). This has led to concerns about the negative conse-
quences of polarization. Perhaps chief among them is the concern that increased exposure to
partisan media may further polarize their audience, creating a vicious cycle (Iyengar and Hahn,
2009; Stroud, 2010; Levendusky, 2013). This problem is especially grave when individuals have
preferences for like-minded news (Gentzkow and Shapiro, 2010; Gentzkow, Shapiro and Stone,
2015; Chopra, Haaland and Roth, 2021; Fowler and Kim, 2022; Herrera and Sethi, 2022).

This paper identifies a force in the opposite direction: When media are strategic, and citizens
are sophisticated, polarization reduces media bias. Polarization increases the number of citizens
with extreme opinions and attitudes relative to the number of moderates. Partisan media thus
have more to gain by reaching out to citizens on the fringes of society. The very fact that such
citizens are harder to convince compels the media to become more informative and reduce their
bias. This theoretical channel is a potential explanation for Prior (2013)’s finding that “There is no
firm evidence that partisan media are making ordinary Americans more partisan.”

In this paper, we considered a single media source. While our theoretical results maintain their
relevance as a study of a politician’s “ideal media landscape,” the question of how they change
with competition among several media sources (Chen and Suen, 2021; Perego and Yuksel, 2022;

Sun, Schram and Sloof, 2022) is a fruitful avenue for future research.
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Appendices

A Proofs for Section 2

Because f is continuously differentiable over its support and bounded, #’(u) exists and is con-
tinuous. We begin by noting that the virtual density is single-peaked if and only if 1’ () satisfies
the strict single-crossing-from-above property. The strict single-crossing property is adapted from

(Milgrom and Shannon, 1994, p.160) and is as follows:
Ifh’'(u) = 0 forsome u € [0, 1], then h’(fz) > 0 forall i < u.
In our proofs, we rely on the equivalence of this condition with single-peakedness of h.

Proof of Theorem 1. If h’(u) satisfies the strict single-crossing-from-above condition, by defini-
tion, so does v”’(u). Therefore, whenever v(u) is convex at , it is strictly convex at any i < p.
This means that v(p) is first strictly convex and then strictly concave. Therefore, the set where the
concave closure of v(u)—call it V (u)—coincides with v(u) has the following form:

{pel0,1]:V(p) =v(w}={0}uU[g1],

for some g € [0, 1].

When p; < i, by Corollary 2 of Kamenica and Gentzkow (2011), the optimal policy generates
two posteriors: u € {0, ii}. This is achieved by two messages.

When ps; > [, the optimal policy is not revealing any information. This can also be achieved
by two messages, m € {0, 1}, and an information structure where Pr(m = 1|60 = 0) = Pr(m = 1|0 =
1). O

Proof of Proposition 1. Since p, = p; for all r, equation (5) simplifies to

c(u,ps)
v(k) = /0 fe)de.

On the other hand, by definition, c(y, ps) = p for all u. Therefore, h(u) = v'(u) = f(c(y, ps)) =
f(w), and so, h is single-peaked if and only if f is single-peaked. O

Proof of Proposition 2. When c, = ¢ for all r, equation (5) simplifies to

1
b(4) = / f(p)dp, (15)
p

(mc)

where

1-p

l1—cl-ps’
- +pz==

(16)

p(u,c) =
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The virtual density () is then given by

h(g) = v/ (1) = £ (p(1, ) - %p(u, o),

and so,

2

2
h(u)——f(;o(u,c))( s, >) - F(pl ) 25l

Therefore, the sign of h’(p) is the same as the sign of

pe)) 3P o)

e 2’
where f(p(u, ¢)) > 0byassumptionand dp(y, ¢)/du > 0 follows y > 0. Using (16) and substituting
y= ulp”s we get

o) mEpo

:—%logf(p(u, c))—ZYT_l(1+(Y— Dp). (17)

,C 2
Substituting the value of y into equation (16) gives: p(y, ¢) = H(ly_—_“l)# Solving for y,
1-p(pc)
= . (18)
TR -Dp( o)
Substituting for p in equation (17), we get
[pwe)  FEPHO o y-1
- =~ =-—1Io ,€))—2
fp(p,c)) (1 ( 2 op 8/ (P, ) 1+(y-Dp(wc)
auP K c)

)
=3 log f(p(p,c)) + g (p(u, ),

where g(p) = Note that g(p) is increasing in p, is convex in p if y < 1, and is concave

1+(Y 1)19
inpify > 1. Therefore,

min g’(p) =

g'(0) if y<1,
pel0,1]

g'(l) ify>1

20y-1)2 ify<1,
= o =D? ;
2 2 ify>1

=2(y - 1)>min {1, %} (19)

If condition (6) holds, then ,

0 o
7 log f(p) < Jmin g (p),
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which implies

62
a—pzlogf (p) <g'(p) VpelO1]. (20)
Our claim is that, under condition (6), h’(u) satisfies the strict single-crossing-from-above prop-
erty. To see this, take any two y, i with i < g and h’(y) > 0. Because p(y, ¢) is strictly decreasing
in 1, p(u, ¢) < p(fi, ). Since h'(p) 2 0, & log f(p(p, ¢)) - g (p(u,©)) < 0. Then,

a _ ~
B log f(p(fi,¢)) - g (p(fi, c))

% Jog F(p(k, ©)) - & (p(11,)) /p(ﬁ’c) % logf(p) & (p)
=—1lo ,C)) — ,C)) + —lo -g d
o gf(p(u g (p(u o (ap2 gf(p)-g (p)|dp
<0 by (20)
9
< ﬁlogf(p(u, c) - g(p(pc)) <0.
Therefore, h’(fi) > 0. The result follows. m|

B Proofs for Section 3

Proof of Proposition 3. Consider a receiver r who receives message m, given sender’s strategy (o°,
o). By Bayes’ Rule, his posteriors are given by:

1
_ ~1) = pro
Pro=1im=1) =P, @1)
_ _ _ Pr(l—Ul)
L T FY R T R >

Note that both values are increasing in p,. Moreover, since o! > ¢?,

Pr(0=1lm=1) > p, > Pr(6 = 1|m = 0).
r r

That is, good news updates the prior upwards, and bad news updates it downwards. Given the
utility function of the receiver, his action is:'?

1 if Pr.(6=1\m)>c,,

0 otherwise. (23)

a,(m) = {

Given the observations so far, sender’s strategy (o, o!) partitions the receivers into the following
three groups:

1. Areceiver r is a never-supporter if and only if

¢ >Pr(0=1m=1).
r

12The receiver is indifferent between the two actions when his posterior equals c,. Consequently, there is an indeterminacy in this case.
Since f is continuously differentiable and bounded over its support, such receivers have measure zero and are therefore inconsequential for
the analysis.
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Substituting (21), this is equivalent to

Pral
prU1 +(1- pr)(TO'

c >

2. Areceiver r is a complier if and only if
Pr(0=1m=1) > ¢, > Pr(6 =1lm = 0).
r r
Substituting (21) and (22), this is equivalent to

pro’ pr(1-0o')
1 o = Cr> 1 0"
prot+(1-pr)o pr(l—0')+(1-p)(l-0°)

3. Areceiver r is an always-supporter if and only if
¢ <Pr(6=1m=0).
r

Substituting (22), this is equivalent to:

c. < pr(l_al)
T p(A-oh)+(Q-p)(1-09

Rearranging the inequalities yields the result. O

Proof of Proposition 4. As discussed in the proof of Theorem 1, when £ is single-peaked,

{pel0,1]: V() =v(w}={0}u[al1].

If ps < [, the optimal policy generates two posteriors: u € {0, fi}. Thisis achieved by two messages,
with one perfectly revealing the bad state. When p; > fi, the optimal policy is not revealing any
information. This can be achieved by two messages, m € {0,1}, and an information structure
where Pr(m = 1|0 = 0) = Pr(m = 1|60 = 1) = 1. Message m = 0 will occur with probability zero,
and the posterior beliefs following m = 0 will be free in a Perfect Bayesian Equilibrium. One can
assign the posterior Pr, (6 = 0|m = 0) = 1 assign m = 0 as the message that perfectly reveals the
bad state. This proves the first part of Proposition 4.

Because the optimal policy involves the bad news perfectly revealing the bad state, o! = 1 un-
der the optimal policy. Substituting into (7), p(c) = 1 for all ¢, i.e., there are no always-supporters.

Moreover,

Therefore, for any r with p, > ¢,, we have: p, > p(c,;). By Proposition 3, then, every ex-ante

supporter is a complier. m|
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C Proofs for Section 4

We begin by introducing some notation and preliminary results for the remaining proofs.
Lemma 1. The value functionv(pu) satisfies

lim pv’(p) = im(1 - p)v'(p) =

u—0 pu—1
Proof. First, note that

1
V(1) = /0 f(p,c(u,p».%c(u,p)dp

1
p(1—p)ps(1 - ps)
= ( ’C( ’ ))
/0 TP U PO ) + 1l = po))?
But since f is bounded, there exist some C > 0 such that

, L p(1-p)ps(1-ps)
)l < C./o s (L=p) + 1(p - po))?

ps(1 - py) [ o o ( p(l - m))]
=C——~= (s = )3 2(p = ps) = (u(1 = ps) + ps(1 — p)) log -l
On the other hand,
. ) ps(1 — ps) _ _ p(1 = ps)
lim —(ps_ E [ (1= ps) = (u(1 = ps) +ps(1 u))log(—ps(l_u))]
i —d =) _
= Ll_lg Tﬂlog(ﬂ) =0,
and
. ps(1 — ps) p(1 = ps)
Llir{(l O (Ps——)3 [ (k= ps) = (£(1 = ps) + ps(1 - p)) log ((—#))]
= lim ~(1-wlog(1—p) =0.
Therefore,
lim pv’(p) = lim(1 - wv'(p) =
u—0 u—1
This completes the proof of the Lemma. O

Consider a single-peaked virtual density h(u). As discussed in the proof of Theorem 1, {u € [0,
1] :V(p) =v(w} ={0} U [a, 1] for some [ € [0, 1]. Note that:

e v (uwp <v(p) forall u e (0,1)ifand onlyif i = 0.
e v (uwp>v(p) forall pe (0,1)ifand onlyif g = 1.
* When g € (0, 1), it satisfies:
V(M =v(). (24)
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Let
’ H ~\ ~
Y = v =o(w = k(o= [ n@R Vie 0,11 25)
Then, [ € (0, 1) is characterized by the equation: y() = 0. We start with three remarks.
Remark 1. lim,_,o y(u) = 0. This follows Lemma 1 and the fact that v(0) = 0.
Remark 2. y(u) is continuous in p over (0, 1). This is because f is continuous over its support.

Remark 3. y(u) is first strictly increasing and then strictly decreasing. This is because y’(u) =
v (uwp+v(p) —v'(w) =v”(wpu = h'(p)p. Since k' (u) satisfies strict single crossing from above,
so does y’(u), and the remark follows.

Define the set
Uy ={pel0,1]: y(u) =0}
Based on Remarks 1, 2 and 3, we conclude that U/, has the following form:
Uy, = [0, a.

Our approach through the rest of this section is built on showing that y (1) changes in a predictable

manner (and so does ).

Proof of Theorem 2. Let:
I
7w =mwu= [ @

1
() = e~ [ el
Since both virtual densities are single-peaked:
Uy, ={pe[0,1]: y1(p) 20} =10, 1],
Uy, ={pe[0,1]:  y2(p) = 0} = [0, f2].

Take any p € (0, 1], and suppose y; (1) > 0. Then,

u
o ()t — /0 I (@) > 0,

which implies
hy (p)p 51
S h()

On the other hand, since h, is larger than h; in the reversed hazard rate order,

ho(We  mpe
S (@ f m)

’
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which implies
u
maton= [ el > 0.

Therefore, y»(u) > 0. We conclude that

{pel01]:yi(w) 20} C{ue(0,1]:y2(p) >0},

and therefore, [0, ;] C [0, fi2] and f; < fi2. To conclude the proof, consider three cases:

1. If ps > 12, the optimal policy does not reveal any information in either case, and we pick

0_ -0 _
01—02—1.

2. If iz > ps > [i1, the optimal policy under h, () does not reveal any information. In this case,

we pick o) = 1and o) < 1.
3. If ps > fi2, the optimal policies o and oy satisfy:

Ps
ps+ (1 - ps)U?

Ps
ps+ (1 - ps)Ug

= [,

0

A A . . 0
Then, fi > fi; implies 0, < o7.

In any case, o)

5 < af , and the result follows.

= {lp.

O

Proof of Corollary 2. Suppose p, = ps for all r, and let f denote the density of costs. As discussed

in the proof of Proposition 1, h’(u) = f’(w) in this case. Therefore, when f; is smaller than f, in

the reversed hazard rate order, /; is smaller than %, in the reversed hazard rate order as well. The

result follows from Theorem 2.

O

Proof of Corollary 3. Suppose ¢, = c for all r, and let f denote the density of priors. As discussed

in the proof of Proposition 2,
0
h(u) = _f(P(H, C)) : @p(ﬂ’ C)r

where

,) = ———————, =
Pt ) IL+(y-Dp Y c  ps

Therefore,

Y
(1+(y-DHw?

0
@P(H» c) =~

Solving (26) for u, we get

w= l—p(,u,c)
L+(y-Dp(u,c)
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Substituting (28) into (27) gives

0 _ (I+(r-Dp(p,0)?
@P(IJ» c)=- ¥ . (29)
Therefore,
1+ (y —1)p(y, c))?
h(w) = f(p( 0)) - L2 Y)’”(“ 2 30)
Finally, note that
u 1
/ n(@)dfi = v(p) = / F(B)dp, @31)
0 p(u,c)

where the second equality is (15). Now, consider two densities of costs, fi and f,. By equations
(30) and (31), for any u > 0, the virtual densities satisfy,

mw  __Apwe) A+ -Dpuc)?
fo mmdg [ A(p)dp Y ’
and
ho(w)  _ ppme) A+ -Dpwc)’
Jo he(Bdi [ p(p)dp Y '

When f; is larger than f, in the hazard rate order,

[P s
S RBIB [, o) (PP

for all u. Then,

mw) __ h
Jo m(mdi [ ha(Bdf

for all u. Thus, h; is smaller than #; in the reversed hazard rate order. The result follows from

Theorem 2. a

Proof of Theorem 3. We begin with two remarks.

Remark 4. Ifh;(u) is a single-peaked distribution, then any distribution with density
(71 (p)*

K

ha(u) =

forallu € [0,1], wherea > 1,x > 0

is single-peaked. To see this, suppose h; (u) is single-peaked. Then, k] (u) satisfies the strict single-

crossing-from-above condition:

If hi(p) = 0 forsome p € [0, 1], then hy(f) > Oforall i < p.
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Note that

a-1
) = 1)

hi (),
which implies that the sign of k7 (u) is the same as the sign of /] (u). The remark follows.

Remark 5. Ifh(p) is a single-peaked distribution, then h(u) > 0 for all u € (0, 1). This is a simple
consequence of the fact that, for any single-peaked distribution, there exists some [ such that
h'(u)>O0forall p € [0, &) and h'(u) < Oforall u € (f,1].

Now, take a single-peaked distribution i (u). Consider a family of distributions {h,}4>1 char-
acterized by

_ ((p)*°

ha (1) @

forallu e [0,1],a > 1,

where « (a) is the normalization constant given by

1
x(a) = / (h(t))%d:t.
0
The corresponding cdf’s are given by:

Y S (h(x))ear
Hy(p) = '/0 he(x)dx = T @

By Remark 4, any distribution in this family is single-peaked. Take any such distribution k., and
let

Va(i) = ha(p)p — Ho(p).

Then, by the argument in the proof of Theorem 2, the set U,, = {p € [0,1] : yo(r) > 0} has the

following form:

ﬂya = [O) /ja]

The proof goes through by showing that i, is decreasing in a. We start with two important re-

marks.

Remark 6. y;(fi,) < 0. This follows from the fact that 2/, = [0, fi,]. Then, y,(u) crosses zero from

above at f1,. Since y, (u) is differentiable, the remark follows.

Remark 7. If i, € (0,1), then y,(fia) = 0, or equivalently,
A A ﬁa
ho(flg)fia =/ he(x)dx. (32)
0
By Remark 7, fi, € (0, 1) satisfies
.Va(ﬁa) =0.
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Implicitly differentiate with respect to « to get

Ofta =0.

0 . ;o
—Va(fla) + Yo (fla) da

oa

By Remark 6, y/ ({1,) < 0. Then, aaia < Oifand only if

<0.
p=fla

0
%ya(ﬂ)

Note that, for any u € [0, 1],

i ()<0<=>ih() </Nih(x)dx
aa.Va,u— aaa,u:u—oaaa .

Recall that h,(u) = % Therefore, for any x € (0,1), £ hq(x) = ha(x) (log h(x) - ’;/((;"))), and

SO,

0

—Va(p)

fa
3 <0 = ha(f)ogh(in)ia < [ ha(x)logh(x)dx.
0

p=fq
Using (32) to substitute ho(fiy)flg = foﬂ * he(x)dx on the left hand side of the above inequality, we
have

0

_ya(IJ)

fla fia
i <0 &= logh(ﬂa)/ hqe(x)dx s/ he(x)logh(x)dx
0 0

p=fla

fa fla
— / ha(x)logh(ﬁa)dxs/ he(x)logh(x)dx
0 0
fa fa
— a/ he(x)logh(fig)dx < a/ he(x)logh(x)dx
0 0

— /0 " () log(h(ji))dx < /0 " () Tog(h(x)“dx

& (h(f1a)*
[=——4 /0 ha()C) log (W) dx <0

fla ha(fla)
= /0 ho(x) log( o (X) )dx <0.

For any real number z > 0, log(z) < z — 1, with a strict inequality for any z # 1. Therefore,

P ho () Aa (i)
/0 ha(x)log( () )dx S/o ha(x)( o () - 1) dx.

Therefore, 2y, ( /,t)‘ ~ <O0aslongas
H=Ha

fa he(fia) fa A
/0 he(x) (T(x)_l) dx <0 /0 (ha(fig) — ha(x))dx <0

fla fia
(:)/ ha(ﬂa)dxs/ he(x)dx
0 0
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fa
— ha(,aa),&asf hq(x)dx,
0

which is guaranteed by (32). We conclude that for any /i, € (0, 1), aa‘fx“ <0.

Since h; and h, are within the family we considered (with &, corresponding to @« = 1 and h»
corresponding to some a > 1), {1 < f1;. Repeating the same argument in the proof of Theorem 2,
we conclude that o0 > o?. O

D Proofs for Section 5

Note that single-dippedness of the virtual density is equivalent to the following strict single-
crossing-from-below property for h’(u):

If W'(u) > 0 forsome u € [0, 1], then h’(z) > 0 forall @ > pu.

Proof of Proposition 5. If b/ (u) satisfies the strict single-crossing-from-below condition, by defi-
nition, so does v”’(u). Therefore, whenever v(u) is convex at y, it is strictly convex at any 1 > pu.
This means that v () is first strictly concave and then strictly convex. Therefore, the set where the

concave closure of v(u) coincides with v(u) has the following form:

{pel0,1]:V(p) =v(w} =10, 4] U{l}.

When ps; < f, the optimal policy is not revealing any information. This can be achieved by two
messages, m € {0, 1}, and an information structure where Pr(m = 1|6 =0) = Pr(m =1]0 = 1) = 0.
Message m = 1 will occur with probability zero, and the posterior beliefs following m = 1 will be
free in a Perfect Bayesian Equilibrium. One can assign posteriors Pr,(6 = 1|/m = 1) = 1 to make
m =1 as the message that perfectly reveals the good state.

When p; > f, by Corollary 2 of Kamenica and Gentzkow (2011), the optimal policy generates

two posteriors: u € {f, 1}. This is achieved by two messages, m € {0, 1}, where message m = 1

perfectly reveals the good state.

Because the optimal policy involves the good news perfectly revealing the good state, 0° = 0
in the optimal policy. Substituting into (7), p(c) = 0 for all ¢, i.e., there are no never-supporters.
Moreover, -

Therefore, for any r with p, < ¢,, we have: p, < p(c,). By Proposition 3, then, every ex-ante oppo-
nent is a complier. O

Proof of Proposition 6. The proof of Proposition 6 is identical to the proof of Proposition 1. O

Proof of Proposition 7. The proof follows identical steps to that of Proposition 2 until equation

(19). The rest of the argument is provided below.

33



Recall that g(p) = -2
if y > 1. Therefore,

-1 « . . . . . .
=115 (Yy 7 and g(p) is increasing in p, convexin p if y < 1, and concave in p

2
g() ify<1 [220 jfy <1 ) { 1}
max , . = Y =2(y-1)maxi1l, —;. 33
pel0.1] 8'(p) = {g(O) ify>=1 l2(y-1)2 ify>1 (r=1 y? 53
If condition (13) holds, ,
0 ,
7 log f(p) > max g (p),
and so
62
5,7 108 (P) > 8'(0) Vp € [0,1], (34)

Our claim is that, under condition (13), h’(u) satisfies the strict single-crossing-from-below prop-

erty. To see this, take any two y, g with ﬁ > pand h’(p) > 0. Because p(u, c) is strictly decreasing
in 1, p(fi, ¢) < p(u, ©). Since h'() > 0, & log f(p(i, ) - g (p(, ¢)) < 0. Then,

6 ~ ~
R log f(p(ii,c)) — g (p(ii, c))

o p(u,c)
=%logf(p(u, ) — g (p(u, C))—/p (—logf(p) g (p)|d

>0 by (34)
0
<o log f(p(w, ) — g (p(p, €)) <0.
Therefore, h’(jz1) > 0. The result follows. |

We continue by introducing some notation and preliminary results for the remaining proofs.
Consider a single-dipped virtual density k(u). As discussed in the proof of Proposition 5, {u €
[0,1] : V() =v(w)} = [0, a] U {1} for some i € [0, 1]. Note that:

e v (u)(1—-p)>1-v(p) forall p e (0,1)ifand onlyif g = 1.
* v (u)(1-p) <1-v(p) forall p e (0,1)ifand onlyif g = 0.
e When g € (0, 1), it satisfies:
V(1 -p)=1-v(). (35)
Let
1
zZ(w) =v' (WA - p) - (1 -v(w)=h(w(l-w) —/u h(f@) i, Yu € [0,1]. (36)
Then, [ € (0, 1) is characterized by the equation: z(fi) = 0. We start with three remarks.
Remark 8. lim,,_,; z(u) = 0. This follows Lemma 1 and the fact that 1 — v(1) =
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Remark 9. z(u) is continuous in u over (0, 1). This is because f is continuous over its support.

Remark 10. z(u) is first strictly decreasing and then increasing. This is because z’(u) = v”’(u)(1 -
w) —v'(p)+v'(p) =v”" (w1 -p =h(u(l - ). Since h’(u) satisfies strict single crossing from

below, so does z’(u), and the remark follows.
Define the set
L:={uel0,1]: z(u) <0}
Based on Remarks 8, 9 and 10, we conclude that £, has the following form:
Lo =1[p1].

Our approach through the rest of this section is built on showing that z () changes in a predictable

manner (and so does f).

Proof of Theorem 4. Let:

1
zum:hmma—uwlfhmmn
u

am:mwmfm—énmmn
Since both virtual densities are single-dipped:
L ={pel01]: zi(p) <0}=[m,1],
Ly, ={pel01]: z(p) <0}=[a1].

Take any pu € [0, 1), and suppose z;(¢) < 0. Then,

1
hmma—m—/'mWMSQ
u

which implies
hl(,lll)(l - W) <1
fﬂ hy (i)
On the other hand, since h is larger than h; in the hazard rate order,
hz(plt)(l -1 < hl(lll)(l -1 <1
f, o (i) J, (@)

and so,

1
ma( (1= - [ el <0
u
Therefore, z, (1) < 0. We conclude that

{nel0,1]:21(n) <0} S {pe[0,1]: z2(p) <0},

and therefore, i, 1] C [f12,1] and fi; > 1. To conclude the proof, consider three cases:
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1. If p; < fio, the optimal policy does not reveal any information in either case, and we pick

1_ 1 _
01—02—0.

2. If 1, < ps < f11, the optimal policy under h; (1) does not reveal any information. In this case,

we pick of =0and o, > 0.
3. If ps < fi, the optimal policies o} and o, satisfy:

ps(l_all) N ps(l_agl)

= M1,
ps(1 - Ull) + (1= ps)
Then, fi, < fi; implies o, > o].

In any case, g, > o, and the result follows.

ps(1 — (721) +(1—ps)

O

Proof of Corollary 4. Suppose p, = ps for all r, and let f denote the density of costs. As discussed

in the proof of Proposition 1, #’(u) = f’(w) in this case. Therefore, when f; is smaller than f, in

the hazard rate order, k; is smaller than h, in the hazard rate order as well. The result follows from

Theorem 4.

O

Proof of Corollary 5. Suppose ¢, = c for all r, and let f denote the density of priors. As discussed

in the proof of Proposition 2,

h(w) = ~f (p(1,0)) - %p(u, o),

where
1-p 1-cl-ps
yC) = 77— = .
Plr ) L+(y-Dpu LY
Therefore,
0 Y
WY (Mr C) == :
ou” (1+(y - Dp?
Solving (37) for u, we get
1- ( !C)
y p(p

T 1+ (r-Dp(uo)
Substituting (39) into (38) gives

(1+(y - Dp(p, C))Z.
Y

0
@P(IJ» C) -

Therefore,

(L+ (y = Dp(, )
Y

h(w) = f(p(p c)) -
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Finally, note that

1 p(u,c)
/ n(@)dfi =1 - v(p) = / Fp)dp, (42)
u 0

where the second equality follows (15). Now, consider two densities of costs, f; and f>. By equa-
tions (41) and (42), for any p > 0, the virtual densities satisfy,

M Ao L+ (- Dppe))?
[ i [ fipydp v
and
m) __heuwo) L+ (- Dppe)
fi madi [P ppap v |

When f; is larger than f, in the hazard rate order,

Ape)  hpue)
P ppap [P pp)dp

for all p. Then,

mw) (W)
fy m@ap [ ha(pdi

for all u. Thus, h, is larger than h» in the reversed hazard rate order. The result follows from The-

orem 4. O

Proof of Theorem 5. We begin with two remarks.

Remark 11. Ifh;(u) is a single-dipped distribution, then any distribution with density

hg(u):@ forallu € [0,1], wherea > 1,x > 0

is single-dipped. To see this, suppose h; (u) is single-dipped. Then, k] (u) satisfies the strict single-
crossing-from-below property:

If h{(u) > 0 for some p € [0, 1], then h] (i) > O forall g > p.

Note that

(ha ()
K

hy(p) = a hy(p),

which implies that the sign of 4/ (u) is the same as the sign of /] (u). The remark follows.

Remark 12. Ifh(u) is a single-dipped distribution, then h(u) > 0 for almost all u. This is a sim-
ple consequence of the fact that for any single-dipped distribution, there exists some f such that
h'(u) < O0forall u € [0, @) and h'(u) > 0 for all u € (g, 1]. The only point u at which k() could be

Zero is fi.
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Now, take a single-dipped distribution 2 (y). Consider a family of distributions {h,}4>1 char-
acterized by

_ (h(p)*°

k(a) ’

ha (1)

forallp e [0,1],a > 1,

where « (a) is the normalization constant given by

1
x(a) = / (h(t))%d:t.
0
The corresponding cdf’s are given by:

Jo (h(x))*dt

k(@)
By Remark 11, any distribution in this family is single-dipped. Take any such distribution s, and
let

u
Ha(p) = /0 ho(x)dox =

Za(p) = ho(p)(1 = p) = (1 = Ha(p)).

Then, by the argument in the proof of Theorem 2, the set £,, = {¢ € [0,1] : zo(u) < 0} has the

following form:

The proof goes through by showing that i, is decreasing in . We start with two important re-

marks.

Remark 13. z/(f{i,) < 0. This follows from the fact that £,, = [fi4, 1]. Then, z,(u) crosses zero

from above at fi,. Since z,(u) is differentiable, the remark follows.

Remark 14. Ifi, € (0,1), then z,(fi,) = 0, or equivalently,

1
holfia) (1= o) = [ ha(@)d. (43)
By Remark 14, fi, € (0, 1) satisfies

zq(fla) = 0.

Implicitly differentiate with respect to a to get

0fiqy
=0.
oa

0 R .
%Za(ﬂa) + 24 (fia)

0

By Remark 13, z/(fio) < 0. Then, a’zf < Oifand only if

0
— <0.
aaza(.u) i =
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Note that, for any u € [0, 1],

0 0 15
2 2al) S0 = L hg()(1 - p) < /ﬂ L ha(x)dx.

Recall that h,(u) = (W) - Therefore, for any x for which h,(x) > 0, we have 2 3qha(x) =

x(a)

he(x) (log h(x) - ’i((;‘)) ), and so,
9 A A A 1
ez <0 = ha(io) logh(ia)(1- i) < [ ha(x)logh(x)dx,
H=Ha a

where we are using the fact that, by Remark 12, h,(x) > 0 almost everywhere. Using (43) to sub-
stitute ho(fiqg) (1 — fig) = fﬂl hq(x)dx on the left hand side of the above inequality, we have

1 1
<0 < logh(fiy) hqe(x)dx s/ he(x)log h(x)dx
#=ﬂa ﬂa (o

1 1
— / ha(x)logh(ﬂa)dxs‘/ he(x)logh(x)dx

a

0

%Zd(”)

1 1
— a/ ho(x)logh(fiq)dx < a/ he(x)logh(x)dx

a

1

1
= / ha(x)log(h(ﬁa))“dxsf ha(x)log(h(x))%dx

a

1 ~ a
= / ha(x)log(%) dx <0

= / h()log(h (('u‘;))dxso.

For any real number z > 0, log(z) < z — 1, with a strict inequality for any z # 1. Therefore,

1 ~
[ ha(x)log(h]j(&‘;))dxsf ha (x )(h ((‘;"g) l)dx.

Therefore, %za(u)‘ ~ <0aslongas
H=Ha
a(fla) 1 .
/ah (x )( e l)deO — / (ha(fia) = ha(x)) dx < 0

1 fla
— ho(fig)dx s/ hq(x)dx
fa 0

1
— ha(fia)(1 - fia) < / ha(x)dx,

which is guaranteed by (43). We conclude that for any f, € (0, 1), a‘;" <0.

Since h; and hy are within the family we considered (with h; corresponding to @« = 1 and h»

corresponding to some a > 1), fI» < f1;. Repeating the same argument in the proof of Theorem 2,

1

we conclude that 02 oy

O
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